Abstract. A 4D polar transformation is de ned to describe the left ventricle LV motion and a method is presented to estimate it from sequences of 3D images. The transformation is de ned in 3D-planispheric coordinates by a small number of parameters involved in a set of simple linear equations. It is continuous and regular in time and space, periodicity in time can be imposed. The local motion can be easily decomposed into a few canonical motions centripetal contraction, rotation around the long-axis, elevation. To recover the motion from original data, the 4D polar transformation is calculated using an adaptation of the Iterative Closest Point algorithm. We present the mathematical framework and a demonstration of its feasability on a gated SPECT sequence.
Introduction
Cardiologists assume that the analysis of the motion of the left ventricle can give precise information about the health of the myocardium. A huge e ort has been made in medical image processing to analyse the motion of the LV, but due to the complexity of the modeling, this topic remains an open research problem.
Modern techniques provide sequences of 3D images over the cardiac cycle; such sequences are real 3D movies of the motion of the heart. The cardiac motion, like the motion of any real object must be therefore described as a 4D regular transformation of time and space.
Many techniques have been proposed to track the LV motion. All of them attempt to nd the correspondence between pairs of successive images. Most of the proposed methods in 3D de ne a model of the shape of LV surfaces endocardium and or epicardium, using classical snake-like models 1,16 , spring-mass meshes 13 or more constrained generic surfaces such as free-deformed superquadrics 2 or volumetric superquadrics 14 . The tracking is processed using conservation constraints based on proximity constraints 2 , di erential properties of the surface 1,5,9,16 or is directly computed from displacement o r v elocity information obtained in some speci c MR imaging techniques: tags 7,10,14,15,19 or phase contrast 12, 16 . In other work, no shape model is computed: the tracking is processed directly from the volumetric image using conservation of di erential elements of isophotes 3 or using similarities of the intensities 17 .
Unfortunately, because the correspondence is de ned between two successive images, regularity and periodicity in time is not guaranteed. Only a few studies in 2D 11,18 or in 3D 13,17 perform a posteriori time ltering. Moreover, these methods 14 excepted do not provide intuitive parameters describing characteristic motions without non-trivial computation 2,19 . The 4D polar transformation de ned in this article aims to achieve four goals: a to de ne a class of transformation of time and space in which the temporal continuity and periodicity are included, b to de ne a class of constrained transformations in order to have a relevant description of the LV motion with a minimal number of parameters, c to be able to retrieve canonical motions with minimal computation, providing an easy-to-interpret quantitative analysis of the motion, d to be a transformation which combines the unknown parameters in a linear way to make their estimation easier and robust.
The paper is organised as follows: in section 1, we de ne the 4D polar transformation and the way to estimate it from a 4D 3D + time data set. In section 2, a method is proposed to track in 4D the LV motion. Experiments have been conducted with a gated SPECT sequence are presented in section 3. Section 4 draws conclusions concerning this work and future perspectives.
De nition of the 4D polar transformation
The idea of this study is to de ne a continuous and regular transformation of time and space. This transformation should also be adapted to describe with a minimum of parameters a complex motion such as the LV motion.
Given a point M x, y, z in cartesian coordinates and a time value t, the transformation gives a point N x 0 , y 0 , z 0 which is assumed to be the location of point M at time t. The cardiac motion is supposed to be regular in space and periodic in time. We therefore look for a di erentiable function in spatial variables x, y and z and for a di erentiable and periodic function in time variable t. f : I R 3 IR ,! IR 3 M ;t 7 ,! N = fM;t In this paper, f is de ned in order to describe locally some speci c motions of points on the myocardium. We approximate the shape of the left ventricle as a stretched sphere in the long-axis direction. This is, of course, a very crude approximation as the shape of the heart is much more complex, however our goal is not a precise de nition of the shape of the muscle, but a plausible discrimination of characteristic motions.For that particular purpose, we separate the motion of a point of the heart into three canonical orthogonal motions: motion 1: a centripetal motion which decribes the contraction or dilatation of the whole structure towards a center, motion 2: a apico-basal rotation around the apico-basal axis which describes the twisting motion of the LV points, motion 3: a motion tangential to the surface r = C t which describes the elevation of the LV points in the apico-basal direction the shortening of apex-base distance during the systole. We describe these motions in a 3D-planispheric coordinates, which is a combination of spherical and cylindrical coordinates. Our tranformation function is thus de ned as a composition of three functions: f = P2C F C2P.
The function C2P switches from cartesian to 3D-planispheric coordinates, P2C is C2P ,1 . F is the function which is described with the three basic motions in 3D-planispheric coordinates. The next two paragraphs detail the de nitions of these functions.
3D-Planispheric coordinates
C2P : in 3D cartesian space, we de ne a 3D-planispheric reference system given a center C, a base B and a set of two orthogonal vectors u and v Fig. 1 . In order to t with our description of the heart, we c hoose u a s a v ector parallel to the apico-basal direction, and v parallel to the septo-lateral direction. C is chosen in the center of the cavity, and B in the center of the base.
For each point M x, y, z, a center point H M is de ned on line CB. From this center point, a distance and two angles latitude and longitude are calculated just as in the classical spherical coordinate system. In the spherical system, H M is the center C. In the cylindrical system, H M is the orthogonal projection of M on the line C B . Our purpose here is to de ne a combination of both spherical and cylindrical coordinate systems, in order to describe the position of M in roughly spherical coordinates around the apex and in roughly cylindrical coordinates around the base, following the shape of the LV. In our system, the position of H M on the line CB is given by the formula:
For low values of M around the apex, H M is close to C and shifts away from C with a distance increasing with 2 =2: around the apex, the 3D-planispheric coordinate system is thus close to the spherical one.
For around the base, the 3D-planispheric system is close to the cylindrical one Fig. 1 . In our 3D-planispheric system, a surface r = Constant is represented as a disk in a plane, like in a classical topographic projection this is why w e call it planispheric. The coordinates X,Y ,R in this system are de ned as follows:
where r is a normalization coe cient so that X, Y and R are dimensionless and vary within a similar range of values. Fig. 1 illustrates the correspondence between the x, y, z cartesian coordinates and the X, Y , R coordinates in the planispheric system. In this system, point X = 0 , Y = 0 the apex is the south pole of the projection, the points on the circle X 2 + Y 2 = 1 = are the same cartesian point, the north pole of the projection. Around this point, the distorsion between the cartesian and our planispheric representation is maximum, but there should not be any cardiac points in this area. P2C : conversely, given a point X, Y , R in the planispheric system so that X 2 + Y 2 1, w e can compute its cartesian coordinates x, y, z b y calculating = p X 2 + Y 2 and without ambiguity with the expressions of cos and sin . The center H M is calculated by solving the implicit formula 1. 3. k is the scale factor corresponding to an elevation magni cation in latitude, which is our motion 3. In our display, w e compute 0 , . The 4D polar transformation is de ned once the parameters a i are determined. Because of the simplicity of 5, it is possible to easily analyse the motion using the parameters a i . Because the variation of the parameters a i is smooth and regular with variables r, , and t, the parameters which describe our canonical motions are also smooth and regular in time and space.
Degrees of freedom of the parameters, time dependency as a hard constraint In order to de ne a smooth and continuous 4D transformation, the parameters depend on the location of the point and the instant at which the transformation is calculated. In our formulation, we choose the parameters as polynomial functions in r and and quadratic periodic B-splines in and t: In Eqn. 6, we use the following notation:
n r is the number of parameters which de ne the polynomial function of variable r: the degree of this polynomial is n r , 1. n is the number of parameters which de ne the polynomial function of variable : to be di erentiable in points for which = 0 , the polynomial must have no term in . a p is therefore a polynomial of of degree n .
n is the number of control points of the B-spline periodic curve o f v ariable . B are the functions for a regularly distributed 2-periodic set of knots.
n t is the number of control points of the B-spline curve o f v ariable t. B T are the functions for a regularly distributed set of knots periodic or not. The originality of the transformation is in the fact that the continuity and potentially the periodicity in time is a hard constraint. We can implicitly look for time-periodic transformations. Using quadratic B-splines here, with a set of regularly distributed knots ensures C 1 continuity i n and t; the function a p r; ; ; is a potentially periodic piecewise polynomial. Due to the de nition of B-splines, the in uence of possible outliers remains local.
To ensure the continuity for = 0 , w e m ust impose the constraint A p i;0;k;n = A p i;0;0;n for each k. There are thus n , 1 equations for each i and n. Finally, w e get a numb e r o f c o n trol points equal to 5:n r + 1 :n :n , 1 + 1 :n t .
The transformation is completely de ned given a center C and two orthogonal vectors de ning the 3D-planispheric system and a set of control points A p i;j;k;n .
Estimation of a 4D planispheric transformation
Having a set of matches M l , N n;l for di erent times t n n = 0 : : : T , 1, we de ne a least squares criterion to estimate the 4D planispheric transform which could best t the list of matches: Jf = T ,1 X n=0 N,1 X l=0 n;l : d fM l ; t n ; N n;l 2 7 where d; is the distance and n;l is the weight related to the reliability of the match M l , N n;l .
If we c hoose the euclidean distance for d in cartesian coordinates, the criterion is not quadratic in the A p i;j;k;n , and its derivatives with respect to the A p i;j;k;n are very di cult to linearise. We prefer to choose for d the euclidean distance expressed in planispheric coordinates X 2 + Y 2 + R 2 .
The criterion expressed with d as the euclidean distance in planispheric coordinates is quadratic in the control points A p i;j;k;n . Di erentiating it with respect to A p i;j;k;n gives a linear system which is solved with a classical conjugate gradient method.
2 Tracking the 4D motion of the LV We de ne in this section an adaptation of the Iterative Closest Point algorithm 4,20 which gives an estimation of those matches for the least squares minimization: it is possible this way to calculate the best function with respect to a distance criterion.
The motion is tracked in a heart image sequence in our experiments, gated SPECT. Points featuring the edges of the heart are extracted and matched. The result of the matches between pairs of points in the images of the sequence is used to estimate a 4D polar transformation.
Matching the feature points
The matching method is an enhancement of the iterative closest point 4,20,8 , adapted to our problem. Given a point M x, y, z in cartesian coordinates and a time value t, the transformation gives a point N x 0 , y 0 , z 0 which is assumed to be the location of point M at time t. T o estimate a 4D planispheric transformation f, w e therefore need to know the matches between points M l of the rst image t = 0 and points N n;l of the image at time n t = t n . Thus, we de ne a criterion: Cf = T ,1 X n=0 N,1 X l=0 n;l : d fM l ; t n ; CP n f M l ; t n 2 8 CP n calculates the closest point t o a 3 D p o i n t among the feature points extracted in image n. The criterion is the sum of the residual distances between the estimated location of the points M l at time t n and the feature points extracted in Image n. n;l is a weighting which depends only on M l , t n .
Minimizing the criterion
The minimization process is iterative, given an initial transformation f 0 . This initial transformation is chosen in our experiments to be the identity nothing moves anywhere !. Each iteration k splits into three steps:
1. For each 4D point M l , t n , we calculate f k,1 M l ; t n which should be the location of point M l at time t n and we identify its closest feature point C P n;l in Image n. W e therefore end up with a list of possible matched pairs. 2. For each time t n and for each t ype of boundary endocardium, epicardium, we calculate the residual distance kf k,1 M l ; t n , C P n;l k for each pair, and we decide whether a pair is reliable or not: we rst eliminate pairs for which the residual distance exceeds a xed threshold. Second, we compute the mean and the standard deviation attached to the remaining pairs. We then eliminate the points for which the distance is greater than + c: c can be set using a 2 table 8 . We get a list S k of reliable pairs of matched points. 3. With the ltered list S k of pairs of points, we calculate f k least square t.
The process stops when a maximum number of iterations is reached, or when S k = S k,1 . 8 gives further details about this adaptation of the ICP algorithm.
3 Experiments : gated SPECT sequence
We present here experiments conducted on a healthy heart with a gated SPECT images sequence 64x64x64x8 with Tc 99m radioactive label. This image was provided by Pr. M.L. Goris, Stanford University Hospital California, USA.
Extraction of feature points
Each image of the sequence is resampled in the polar geometry de ned in 6 . In this geometry, the heart looks like a thick plate. We detect edges in this image with a Canny-Deriche recursive lter. The reason for using such a geometry to nd the edges is that cardiac boundary points are easily detectable. In an ideal situation, where the heart is a volume of pixels with high intensity v alues in an image with a high signal-to-noise ratio, starting from the center of the cavity along a radius, the rst edge is assumed to belong to the endocardium, the second edge is assumed to belong to the epicardium. 6 gives more details about the method.
Retrieval of trajectories
From these data points, we look for a periodic 4D polar transformation with n r = 2, n = 3, n = 6, n t = 5 which gives 715 control points, for roughly 50000 data points. The trajectories of the points are smooth and periodic, as illustrated by Fig. 2. 
Analysis of the motion
We show in Fig. 3 a display of the physical parameters values. For the centripetal contraction, the values vary between 0 and 40 , for the elevation, between -5 and 5 and for the apico-basal rotation, from -10 to 10 degrees.
In Fig. 4 , we show a display of the amplitude and the phase of the rst harmonic of the centripetal contraction. This crude Fourier analysis shows how the parameter varies over the whole sequence: the amplitude shows how wide is this motion, revealing that the inner boundary contracts more than the outer boundary, the phase shows the synchronisation of the contraction. On this example Fig. 4 , the phase is higher in the septum around 20 degrees than in the other walls. This slight shift of phase con rms the visual impression while observing the sequence. Those values must be interpreted with caution. As soon as the matching procedure works with a closest point method, the tangential motions which are retrieved are not reliable elevation and apico-basal rotation. As a matter of fact, only the centripetal contraction an orthogonal motion matches what can be expected from a healthy heart 14,19 .
Conclusion
In this work, the mathematical framework for a new class of transformation is de ned: a 4D planispheric transformation is a di erentiable function in space and time coordinates and potentially periodic in time. A small number of parameters constrain the de nition of the function and there is a simple relationship between the estimated parameters a p and the canonical motions de ned for a moving LV centripetal contraction, rotation, elevation. We demonstrated the feasability o f the method on a gated SPECT sequence.
This will be the basis for a number of experimental studies both on nuclear medicine and tagged MR data in collaboration with Pr. Michael Goris Stanford University Hospital and Dr. Elliot McVeigh Johns Hopkins University.
